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Abstract 
Order n de Bruijn sequences are the period 2” binary sequences produced by an n stage feedback shift 
register. The de Bruijn sequences have good randomness and complexity properties. Theorems are 
given on the weight class distributions of the generator functions. Data that extend the work of 
Fredricksen are also presented. 
1. Introduction 
Algebraically constructed binary sequences with randomness properties have ap- 
plications in logic synthesis [12], coding theory [S], cryptography [lo], and spread 
spectrum communications [ 131. The order n de Bruijn sequences are the 22”~’ -n period 
2” binary sequences generated recursively using an n-stage feedback shift register [3]. 
Golomb provides a detailed treatment of the general properties of shift register 
sequences [7]. For II 2 4, the de Bruijn sequences exhibit the balance, run, and span 
n randomness properties [6] and have linear spans greater than half the sequence 
length [ 11. The de Bruijn sequences can be categorized by the Hamming weight of the 
truth tables of the generating functions. The weight classes of the generators are 
known but the number of de Bruijn sequences in each weight class remains an 
unsolved problem. Weight class distribution information for order 6 and order 7 is 
presented. Some theoretical characterizations of the weight class distributions are also 
provided. 
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2. Weight class distributions 
The set of all order n de Bruijn sequences, DS(n), is produced by an n stage feed- 
back shift register. The next content of the least significant stage x1 is computed as 
some function x,0 g(x, _ 1, . . . ,x1) of the current values, where 0 denotes addition 
over GF(2). The function g(x, _ 1, . . . , x1) is easily represented by a truth table. The 
weight w(g) of the feedback function is the number of logical ones (Hamming weight) 
among the 2”-’ entries in the truth table of the feedback function g(xn-l, ... , xl). 
Fredricksen has characterized the weight classes for 
DS(n) C51. 
Odd weight theorem. There exists SEDS(~) with truth 
w between Z(n) - 1 and 2”- ’ -Z*(n) + 1, inclusive. 
truth tables which produce 
table weight w for every odd 
The bounds use the number of cycles from the pure cycling register Z(n) and the 
number of cycles from the complementing cycling register Z*(n), 
all d 
Z*(n)=& 1 $(n)2”“, 
din 
odd d 
where 4(n) is the Euler totient function [l 11. 
The complete order 6 data and partial order 7 data for the weight class distributions 
are presented in Tables 3 and 4, respectively. The tables were generated by computer 
using specialized tests to expedite the identification of degenerate truth tables that did 
not produce full period cycles [9]. For completeness, the order 4 and order 5 de Bruijn 
weight class distributions are presented in Tables 1 and 2, respectively. Weight class 49 
in order 7 is the weight class with the smallest size for which the number of de Bruijn 
sequences is unknown, yet this weight class has 93 052 749 919 920 truth tables to be 
examined. For n> 7, w=2”-‘+ 1 is of particular interest because any modified de 
Bruijn sequence with the two level autocorrelation property must be in this weight 
class [2]. (A modijied de Bruijn sequence of order n is obtained by removing a 0 from 
the unique run of n O’s in a de Bruijn sequence of order n.) 
3. Theoretical results 
This section presents the theoretical results corresponding to the statistical results 
of the previous section. All sequences considered have terms in GF(2). The cases of 
order n for 1 <n d 3 are considered trivial because the only de Bruijn sequences for 
these orders are obtained directly from M-sequences. Note that the entries in the 
weight class distributions are divisible by ‘large’ powers of 2. 
For sequence S= {sO sl,. . . , s~_~}, the reverse sequence rS=(sk_l,. . . , sl, so} and 
the complement sequence cS = { 1 @so, 10 sl, . . . , 1 @sk_ 1 }. Note that operators c and 
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r commute. Two sequences S1 and S2 are equivalent, S1 =S2, if one is a cyclic shift of 
the other. 
Several facts are known about these operators in relation to de Bruijn sequences 
[4]. For n > 2, rS # S and CS # S. For even n > 2, rS # cS, but for odd n > 2, rS = cS. Let 
G eve” be the group generated by both operators r and c and Godd be the group 
generated by operator r or c alone. Thus G,,,, = [e, r, c, rc] partitions the even order 
n de Bruijn sequences into sets of four pairwise inequivalent sequences, whereas 
Godd = {e=rc, r=c} partitions the odd order n de Bruijn sequences into sets of two 
pairwise inequivalent sequences (e is the identity operator). Let ~(w, n) denote the 
number of SEES in weight class w. Then for k> 2, v](w, 2k) =0 mod 4 and ~(w, 
2k + 1) = 0 mod 2 provided rS and CS are in the same weight class as S. First, a different 
proof that a de Bruijn sequence and its reverse sequence are distinct, rS # S, is given. 
Lemma 3.1. For n > 2, SeDS(n), rS # S. 
Proof. If a sequence is the same as its reverse, then the sequence must be symmetrical. 
In each sequence there exist four unique runs ~ a length n run of all ones, a length 
n run of all zeros, a length n - 2 run of all ones, and a length n - 2 run of all zeros. 
However, in each sequence here exist only two symmetrical positions - the beginning 
(or end) and the midpoint. 0 
Theorem 3.2. A de Bruzjn sequence and its reverse sequence belong to the same weight 
class. 
Proof. Let the forward and reverse sequences have feedback functions 
S(Xn-l,..., xi)andh(xr,..., x,- I ), respectively. In the forward sequence, x, acts as 
the oldest sequence bit and x0 is the computed sequence bit. In the reverse sequence, 
x0 acts as the oldest sequence bit and x, is the computed sequence bit. There are four 
cases to consider because x, and x0 are from (0, l}. In all four cases the contribution is 
the same after any contribution to the bottom half of the full truth table are moved to 
the top half of the full truth table, g(x”_r, . . . , x1) or h(xI, . . . , x,_~). 0 
Theorem 3.3. A de Bruijn sequence and its complement sequence belong to the same 
weight class. 
Proof. Assume the S is in weight class w. By x,@g(x,_ r, . . . , x,), the bottom half of 
the full truth table has the complementary weight, 2”-’ -w. Complementing the 
sequence moves the states in the bottom half to the top half and complements their 
functional values, yielding the complementary weight for 2”-i-w which is w. 0 
Theorem 3.4. For odd n 2 3, ~(w, n) = 0 mod 2. 
Theorem 3.5. For even n3, r(w, n) =0 mod 4. 
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Table 1 
Weight class distribution for order 4 de Bruijn 
sequences 
Weight class Number of sequences 
5 12 
7 4 
Table 3 
Weight class distribution for order 6 de Bruijn 
sequences 
Weight class Number of sequences 
13 2211840 
15 11059200 
17 21086 208 
19 19 841024 
21 9912320 
23 2637824 
25 344 064 
27 16384 
Table 2 
Weight class distribution for order 5 de Bruijn 
sequences 
Weight class Number of sequences 
7 576 
9 960 
11 448 
13 64 
Table 4 
Weight class distribution for order 7 de Bruijn 
sequences 
Weight class 
19-49 
53 
51 
55 
Number of sequences 
Not yet determined 
10737418240 
253 201743 872 
201326 592 
Conjecture 3.6. For each order n of the de Bruijn sequences, the largest power of 
2 which divides the number of sequences in the order n weight class with maximum 
weight is the cardinality of a symmetry group that operates on all weight classes of 
that order. 
Let G, denote the symmetry group which operates on the order n de Bruijn 
sequence weight classes. Note that 2’ 1 q(w, 4) for ail w in Table 1. Thus G4 is G,,,,, the 
Klein 4 group. Similarly, 26 1 q(w, 5) for all w in Table 2. Therefore G5 is generated by 
6 operators, one of which is r or c. Also, 214 1 q(w, 6) for all w in Table 3. Therefore G6 is 
generated by 14 operators, two of which are r and c. For the known data, 226 1 v](w, 7) 
in Table 4. Again, G7 would be generated by 26 operators, one of which is r or c. 
Research to identify the other operators continues. 
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